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In THz wave emission from intrinsic Josephson junctions in in-plane magnetic fields, emission
intensity strongly depends on the surface impedance Z similarly to the case without external mag-
netic fields. Cavity resonance modes are stabilized for Z ≥ 3, and the fundamental mode gives
the strongest emission. As the in-plane magnetic field increases for a fixed number of junctions,
dynamical phase transitions seem to occur between the pi-phase-kink state, various incommensurate
phase-kink states, and in-phase state. As Z varies, a crossover of the field profile of maximum
intensity takes place for Z ≈ 50 between characteristic peaks for smaller Z (typically Z ≈ 30)
and monotonic decrease for larger Z (typically Z ≈ 70). The double-peak structure reported in
experiments can be explained for Z = 30 by finite-size analysis with respect to number of junctions.
PACS numbers: 74.50.+r, 85.25.Cp, 74.25.Nf
Introduction. Although THz wave emission from in-
trinsic Josephson junctions (IJJs) had been investigated
in in-plane magnetic fields, experimental realization of
such emission1 had been quite difficult. Evident emission
was observed without external magnetic fields,2,3 where
IJJs have about a thousand of junctions so that the veloc-
ity of Josephson plasma mode is already as fast as that of
light in IJJs.4 Then, possible emission states were investi-
gated theoretically, and the uniform in-phase state5,6 and
the π-phase-kink states with symmetry breaking along
the c axis7,8 have been proposed. The present author
showed9 that these states are both stationary according
to the bias current J and surface impedance Z. Recently
emission in in-plane fields has been investigated again. In
an experiment intensity decreases monotonically as the
in-plane field increases,10 while in another experiment
the emission intensity seems to have some characteristic
peaks in the field profile.11 The present study suggests
that these two experiments may not be contradictory.
Model and formulation. As long as thermal fluctua-
tions are not taken into account in the modeling, dimen-
sional reduction along the in-plane magnetic field is jus-
tified. When the direction of the magnetic field is chosen
as the y axis, the basic equations are given by12
∂2x′ψl = (1− ζ∆
(2)) (∂t′E
′
l + βE
′
l + sinψl − J
′) , (1)
∂t′ψl = (1− α∆
(2))E′l , (2)
where ∆(2) is defined in ∆(2)Xl ≡ Xl+1−2Xl+Xl−1, and
explicit expressions of scaled quantities in the insulating
layers are given in Eqs. (7)–(10) of Ref. 9; e.g. length is
scaled by the penetration depth λc in x
′, time by inverse
of the plasma frequency ωp in t
′, and bias current by the
critical current Jc in J
′. In addition to the scaled electric
field E′l , the scaled magnetic field B
′
l is obtained from
∂x′ψl = (1 − ζ∆
(2))B′l . Using the material parameters
of Bi2Sr2CaCu2O8 in Ref. 12, we have a large inductive
coupling ζ = 4.4 × 105 and a small capacitive coupling
α = 0.1, and a scaled conductivity β = 0.02 is taken.
Although a thousand of junctions are essential for ob-
taining the plasma velocity as fast as that of light in IJJs,
it is almost impossible to arrive at stationary states for
such a large number of junctions numerically at present.
Then, the periodic boundary condition along the c axis is
introduced instead, and N(≥ 4, N = even) junctions are
stacked in order to take non-uniformity into account. In
such a condition plasma velocity of the stationary state
automatically coincides with that of light in IJJs (N is
effectively infinite), though vanishing amplitude of elec-
tromagnetic wave (EMW) on surfaces is totally neglected
and emitted EMW is parallel to layers. Even if a thou-
sand of junctions are stacked, thickness of IJJ, Lz, is
much smaller than the wavelength of emitted EMW, λ.
In such a case emission originates from a point-like source
(after two-dimensional reduction, by a line-like source in
original three dimensions) and weaker than that parallel
to layers. Such effect is approximately included as
∂x′ψl = B
′
ext + B˜
′
l , ∂t′ψl = 〈E
′
l〉+ E˜
′
l , (3)
E˜′l = ∓ZB˜
′
l , Z = z
√
ǫ′c/ǫ
′
d, (4)
with the dielectric constants of IJJs ǫ′c and of dielectrics
ǫ′d, respectively. Here dynamical parts of scaled boundary
magnetic field B˜′l and electric field E˜
′
l are related with
each other by z ≈ λ/Lz,
13 though this naive evaluation
of z might be modified by excess magnetic fields from
vertical directions omitted in two-dimnsional modeling.14
Width of the junction Lx = 86µm, which is comparable
to experimental scale and By = 0.02T corresponds to
“one Josephson vortex (JV) per layer” for this width, is
divided into 80 grids with the RADAU5 ODE solver.15
Numerical results for N = 4. First, results for the
minimum number of junctions are shown for various val-
ues of the surface impedance Z. In conventional pic-
ture of EMW emission from IJJs in in-plane magnetic
fields, emission is driven by moving JVs, and the max-
imum emission is obtained when the distance between
JVs coincides with the wavelength of EMW in a junc-
tion, which holds for Z = 1.16 However, this picture is
2FIG. 1: Field dependence of maximum intensity in the n = 1
cavity resonance mode for N = 4 (circles) at the optimal bias
current (squares). Dips of the curves stand for the dynamical
phase transitions between the (a) pi-phase-kink (pi-PK), (b)
incommensurate-phase-kink (IPK), and (c) in-phase states.
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FIG. 2: Snapshots of gauge-invariant phase differences in all
junctions for N = 4 at (a) By = 0.003T, J = 0.210Jc (in the
pi-PK state; two ±pi kinks), (b) By = 0.009T, J = 0.226Jc (in
the IPK state; three +(1/2)pi kinks and one −(3/2)pi kink),
and (c) By = 0.015T, J = 0.187Jc (in the in-phase state).
the case only for in-plane magnetic fields applied to the
in-phase state, which is stable only for small Z with-
out external magnetic fields.9 For Z ≥ 3, emission from
the cavity-resonance mode becomes stronger than that
from the driven-JVs mode, and the fundamental mode
becomes stronger than higher-harmonic modes. Then,
only the fundamental mode is considered hereafter.
(I) detailed results for Z = 30. As a typical value of the
surface impedance, Z = 30 is chosen. Maximum emission
intensity and corresponding bias current are plotted ver-
sus in-plane magnetic field in Fig. 1. Procedure to obtain
this figure is as follows: (1) to fix the in-plane magnetic
field, (2) to sweep the bias current and evaluate station-
ary emission intensity, and (3) to draw the optimal set
of stationary values. Two dips in this figure divide the
FIG. 3: Field dependence of maximum intensity for N = 4
for various values of the surface impedance Z: (a) for Z = 3
(stars), 10 (open circles), 30 (full circles), 100 (open squares)
and 300 (open triangles); (b) expanded figure for Z = 30
(open circles), 40 (saltires), 50 (full triangles), 60 (stars) and
70 (open squares). In each figure dash-dotted and dashed
lines denote boundaries between the pi-PK and IPK states
and between the IPK and in-phase states, respectively.
three dynamical states characterized by the structure of
gauge-invariant phase difference as displayed in Fig. 2:
(a) the π-phase-kink (π-PK) state stable without exter-
nal magnetic fields, (b) the incommensurate-phase-kink
(IPK) state in the intermediate field region, and (c) the
in-phase state. Field dependence of the current deriving
the maximum intensity (optimal current) is also plotted
in Fig. 1 by squares. Its shape is quite similar to that of
the maximum intensity, and this field profile will not be
shown hereafter. The maximum intensity jumps up and
down almost discontinuously inside (not on the bound-
aries) of the IPK state, which will be discussed later.
(II) results for other Z. Field dependence of maximum
intensity for N = 4 is given in Fig. 3(a) for Z = 3, 10,
30, 100 and 300 together with transition fields for each
Z (dash-dotted lines between the π-PK and IPK states,
and dashed lines between the IPK and in-phase states).
This figure clearly indicates strong Z dependence of the
field profile of maximum intensity. For Z = 10 and 30,
3the first emission peak appears between the two (π-PK–
IPK and IPK–in-phase) transition fields, and there exists
the second peak at By ≈ 0.015T in the in-phase state.
For Z = 100 and 300, on the other hand, the IPK–in-
phase transition field does not locate for By ≤ 0.02T,
and no emission peak exists at By ≈ 0.015T. These facts
suggest that there would be a crossover of the field profile
of maximum intensity between Z = 30 and 100.
Then, Z dependence of the field profile of maximum
intensity is displayed for Z = 30, 40, 50, 60 and 70
in Fig. 3(b) together with the transition fields for each
Z. Although values of the π-PK–IPK transition field are
close for Z = 30 and 70, this transition field is indepen-
dent of the emission peak for Z = 30, while it is linked
with the peak for Z = 70. This behavior changes between
Z = 50 and 60. There exists similar change in behavior
of the IPK–in-phase transition field between Z = 50 and
60. In addition, the characteristic peak at By ≈ 0.015T
is visible up to Z = 40, and it almost disappears for
Z ≥ 50. To summarize, there seems to exist a crossover
in the field profile of maximum intensity at Z ≈ 50.
Numerical results for various number of junctions. In
order to compare the above results with experiments,
we should clarify dependence of numerical results on the
number of junctions N , and distinguish general proper-
ties independent of N from special properties only for
small N . As a typical value of the surface impedance
Z = 30 is chosen again, and field dependence of maxi-
mum intensity for N = 4 (full circles), 6 (open circles),
8 (open squares) and 12 (open triangles) is displayed in
Fig. 4(a) together with the onset fields of the π-PK state
(dash-dotted lines) and the π/2-PK state (dashed lines)
and the first emission peaks (arrows). In order to show
examples of various IPK states for largerN explicitly, the
data for N = 12 are extracted in Fig. 4(b), where the re-
gions “π”, “ 56π”, “
2
3π”, “
pi
2 ”, “
pi
3 ”, “
pi
6 ” and “0” represent
the [+π-kink×6−π-kink×6], [+ 56π-kink×7−
7
6π-kink×5],
[+ 23π-kink×8 −
4
3π-kink×4], [+
pi
2 -kink×9 −
3
2π-kink×3],
[+pi3 -kink×10−
5
3π-kink×2], [+
pi
6 -kink×11−
11
6 π-kink×1]
and in-phase states, respectively. All possible combina-
tions of IPK states appear as the in-plane magnetic field
increases, and small jump or dip of the maximum inten-
sity is observed at each transition field.
Finally, the onset fields of the π-PK and π/2-PK states
and the field at the first emission peak are plotted versus
1/N in Fig. 5. These data strongly suggest that the onset
field of the π-PK state seems to converge to By = 0 in
the N → ∞ limit (dash-dotted line). When these four
data points are fitted by By(N) = a/N + b, we have
b = 0.0002 ± 0.0002 [T]. On the other hand, the onset
field of the π/2-PK states converges to a nonvanishing
value (dashed line) with the same assumption. Similar
preliminary results can be obtained for other IPK states,
though the number of data is still limited. Moreover, the
in-plane fields at the first emission peak coincide with
each other for N = 8 and 12, and the extrapolated value
is expected to be nonvanishing for large N .
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FIG. 4: (a) Field dependence of maximum intensity for Z =
30 for various number of junctions N : for N = 4 (full circles),
6 (open circles), 8 (open squares) and 12 (open triangles).
Dash-dotted and dashed lines denote boundaries between the
pi-PK and the next IPK states and between the pi/2-PK and
the next IPK states, respectively. Arrows stand for the first
peaks of the maximum intensity. (b) Field dependence of the
data for Z = 30 and N = 12 is extracted in order to display
various IPK states explicitly (“0” means the in-phase state).
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FIG. 5: Junction-number dependence of onset fields of the
pi-PK state (satires) and the pi/2-PK state (crosses), and of
fields at the first emission peak (stars) for Z = 30. Dash-
dotted and dashed lines are drawn as guide for eyes.
4Discussions. Even if the periodic boundary condition
is applied along the c axis, dependence on the number of
junctions N is still not negligible as shown above. Since
number of junctions in experiments is of order of N ≈
1000, extrapolation to large N is crucial for reproducing
experiments. On the other hand, maximum number of
treatableN is still not so large. CPU time is proportional
to N3 in this calculation, and relaxation time to reach
stationary states rapidly increases as N or Z increases.
For example, t = 5 × 103ω−1p is long enough for Z = 10
and N = 12, but t = 2× 104ω−1p is at least necessary for
Z = 30 and N = 12. Therefore, calculation for N ≥ 16
or Z = 70 in the same scale is difficult at present.
Then, alternative approach to numerical data is re-
quired, and the data for N = 4 around the crossover
region given in Fig. 3(b) are reconsidered. The onsets
of the first emission peak for Z ≤ 50 do not coincide
with the boundaries of the IPK state including this peak,
which suggests that the first emission peak is not related
with the dynamical phase transitions in this parameter
region. On the other hand, the onsets and the dynam-
ical phase transitions seem to synchronize for Z ≥ 60.
After extrapolating to the large-N limit, the zero-field
peak and the dip at the onset of the π-PK state might
cancel with each other and the N -independent first emis-
sion peak at By ≈ 0.003T and the broad second emission
peak at By ≈ 0.015T in the in-phase state might remain
for Z ≤ 40, while for Z ≥ 60 both the onset of the π-PK
state and the first emission peak shrink to zero field, and
merely monotonically-decreasing field dependence of the
higher-field side of the first emission peak remains.
The picture that a crossover between two different
types of emission takes place at By ≈ 50 can also be
justified by the shape of emission peaks for N = 4 by
itself. The peak has sharp edges for Z = 30, broadens
to lower fields for Z = 40, and splits for Z = 50. The
higher-field peak grows while lower-field one shrinks for
Z = 60, and the lower-field peak vanishes for Z = 70.
These descriptions for large-N behaviors of the present
modeling seem consistent with the preceding experi-
ments, namely the one by Yamaki et al.11 with the case
for Z ≤ 40, and the one by Welp et al.10 with the case
for Z ≥ 60. If they are the case, the discrepancy be-
tween these two experiments is not serious contradiction
but consequence of a little difference of experimental con-
ditions to vary the surface impedance in the vicinity of
the crossover point Z ≈ 50. This argument also suggests
that values of Z in experiments may be much smaller
than that naively expected from the relation z ≈ λ/Lz
or Z ≈ 500. It means that the argument by Tachiki et
al.14 that Z is effectively reduced by magnetic fields from
vertical directions may be partially true, but that such
effect is not so strong as they considered; they argued
that Z may be reduced so much that the in-phase emis-
sion is observed. Further studies to handle much larger
numbers of junctions numerically or to manipulate the
surface impedance experimentally are still necessary.
Finally, physical meaning of the IPK states is consid-
ered. When the in-plane magnetic field is applied, IPK
between 0 and +π coupled with the in-plane field could
be identified with “+π-PK”, and IPK between −2π and
−π coupled with the in-plane field with “−π-PK”. From
this point of view, unbalance of “+π-PKs” and “−π-
PKs” represents nonvanishing in-plane fields, and the in-
phase state would be stable for By ≥ 0.01T (0.5 JV per
layer). The extrapolated onset field By ≈ 0.005T of the
π/2-PK state (Fig. 5) is consistent with this picture.
Summary. THz wave emission from intrinsic Joseph-
son junctions in in-plane magnetic fields is investigated
numerically. Cavity-resonant emission is observed for
Z ≥ 3 similarly to the case without external fields, and
the n = 1 emission mode is the strongest. There oc-
cur field-induced dynamical phase transitions between
the π-phase-kink (π-PK) state, various incommensurate-
phase-kink (IPK) states and in-phase state as the in-
plane magnetic field increases. Investigation on depen-
dence of physical quantities on junction numbers N sug-
gests that the π-PK state may be stable only without
external magnetic fields for large N . In the field profile
of maximum intensity there exist a crossover between two
characteristic peaks at ∼ 0.15 and ∼ 0.75 JVs per layer11
for Z ≤ 40 and monotonic decrease10 for Z ≥ 60, which
suggests that controversy of the field profile in recent ex-
periments10,11 may be explained by slight difference in
the surface impedance due to experimental conditions.
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